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The Gelfand-Levitan-Marchenko equation and Bécklund
transformation
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High Energy Physics Division, Department of Physics, Jadavpur University,
Calcutta-700 032, India

Received 7 February 1984, in final form 20 June 1984

Abstract. We have shown that with the help of the Gelfand-Levitan-Marchenko equation
it is possible to deduce Bicklund transformations in various situations. Firstly we discuss
the case of explicitly ‘x’ and 't’ dependent Kdv equation as examples. Itis also demonstrated
that different forms of Backlund transformations arise for the different structure of the
Gelfand-Levitan-Marchenko input kernel. The BT derived is also invertible. We have
demonstrated that it is also possible actualiy to solve the BT starting with the special solution
g = 0, though in algebraic structure the form of the BT is very complicated. The ‘t’ dependent
partsofthe BTsarealsodeduced. Lastly,itisshownthatourmethodalso works withthe matrix
inverse scattering problem.

During the last few years various methods have been proposed for the derivation of
the Béacklund transformation (BT) associated with any nonlinear equation. We have
shown here that it is possible to construct the BT in a straightforward way starting
from the Gelfand-Levitan-Marchenko (GLM) equation, even in the non-autonomous
cases, where the nonlinear equation contains explicit x and t dependence.

Let us consider the equation

4:+649; + guxx +(r/21)g =0 (D
known as the cylindrical kdv equation. The space part of the Lax Equation is
-V, +{g(x, )+ x)¥=-A"¥ (2)

which even for asymptotically falling solutions is not a free Schrodinger equation. But
very recently a spectral analysis has been performed for equation (1) (previously some
results were also obtained by Calogero et al 1980) from which we can conclude that
the kernel in this case can also be written as

F(x,y)=-Zcg\(x)g5(y) 3)
where g; stands for an eigenfunction and the subscript 1 or 2 indicates the particular

‘potential’ or nonlinear field; i is the superscript to the ith eigenvalue.
Then the solution of the LM Equation

F(x,y)+K(x,y)+J F(x,z)K(z,y)dz=0 (4)
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can be put into the form

K(x,y)=-Y dgix)gi(y) (5)
then the difference g,— g, is given by
g.—q=A4g=dK(x, x)/dx. (6)

Now the Bicklund transformation is a direct connection between the old and new
fields g, and g, which are governed by the same nonlinear equation. In our formalism
this is obtained by eliminating the eigenfunctions g{ and g5 between (3), (5) and (4).
Here it is worthwhile mentioning that, before the elimination is done, one must specify
the number of terms that must be retained in equations (3) and (5). Let us demonstrate
with the help of only one term in (3) and (5). That is

K=-cg(x)g(y), F=-dg(x)gy). (7N

In our present discussions we restrict ourselves only to the bound state spectrum of
the potential. Differentiating equation (6) we get

Ag=-c (8821 8182)
(Ag) = *C[(‘h+‘b)g]gz"2/\22|gz+2g(18’2+2"g|g2]

(Aq)"=(q1+ ) K +(q:+q:)Ag —4A’Aq + 2K +4xAq - 2¢q, 8,85~ 2¢4,8:¢". (8)

From equations (8), (7) and (5) we have

(g1/81)=(24q)7'[(8q)"/ K +4A%Aq/ K ~(g2+3q,+4x)Aq/ K — (g, +q1)' —2]. 9)

However, on the other hand g}/g, satisfies the Riccati equation:
(d/dx)(gi/g)+(g1/g)*=(A"—q —x). (10)

Therefore substituting from (10) for gi/g,, we get a differential relation between g,
and ¢, as follows

2[(Aq)*+(Aq)'K]{~[(Aq)"+4A%Aq — (g, +3q,+4x)Aq — K (g, +q,)' — 2K}
+2K(8g)[(Aq)"+4A%(8q) ~ (g, +3q,+4x)'Ag — (g, +3¢, + x)Aq']
=4(A°~q' = x)(8q)°K*+2K(Aq)[(g:+q\)"K +(g2+ ) K' +2K']
~[(Ag)"+4A*(Aq) —(g2+3q, +4x)0g ~ (g + ¢, + 2)KT (11)

which is nothing other than a relation between the nonlinear fields g, and g, and is
the Backlund transformation. A similar calculation can also be performed for the
equation

V,=6VV, - 12V, /x?+24V/x*+ V. =0 (12)

which has been discussed by Ablowitz and Cornille (1979). In this case the eigen-
functions satisfy

-V +q,¥V+(a/x)V-K>¥=0, i=1,2,... (13)
and a similar calculation yields
2K(8g){(Aq)"+4A*(Aq) — (89)(g2+ g +4a/X°) = (g2 + )’ Aq + (8ar/ x*)Aq
+[4a/x’ = (g, +q)]K' = (12a/x)K ~ K(g:+ 9,)"}
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-2(AgK’'+ K(Ag))

x{(Aq)"+4r*Aq—~(q,+3q, +da/x*)Aq+[4a/x’ — (g, + q,)K]}

+{(Aq)"+4A%Aq — (g +3q, +4a/x)Aq+[4a/x*— (g, + q,)]K}
=4K*(g,+a/x*—r%)(Aq). (14)

Equations (11) and (14) yield the space part of the Bécklund transformation. The
time part can be deduced by utilising the temporal equation of the eigenfunction g;
and g, which are of the form

g1 = ~4glxxxx+6qlglx +3(hx81
821 = _4g2xxx+6q2g2x +3q2xg2' (15)

Now again from equation (8)

Ag=(g:81+8:82)
Therefore
(Ag) =218+ 82811 8182 T+ 8185 (16)
The Riccati equation for the temporal evolution of gi/g, is
(d/dt)(gi/g) +(2q+4x—4A)(g1/g)’ +(8-2q1-4)(g}/g)
=(2¢q,—4A —4x)(A+q,+x)—q]. 17)
In which we can use the expression for g}/g, given by equation (9) to get the time
part of the Biacklund transformation (BT).
One of the most important properties of any BT is that if we can pass from ¢, to
q, then it will also be possible to go back from g, to q,, that is the BT is invertible,
because the same calculation can be done with g5/g, instead of g}/g, and we can
obtain the opposite BT obtaining g, from g,. Two other important properties associated
with a BT are (a) the generation of a non-trivial solution from a trivial one, (b) the BT

itself can be thought of as a contact transformation. In the case of our BT given by
equation (11) we can prove that

(g1/81)—(83/8:) =(Aq)"/AgK +4A*/ K

—(2g,+2q,+2x)(1/K)~(q,+q,)'/Aq—-2/Aq (18)
and

(g1/g)+(g2/8:)=K'/K
and also

(d/dx)(gi/gi—g5/8.) +[(g/8))* ~ (g3/82)"]=Aq= K. (19)

Substituting from (9) and (18) in (19), we get after a rather long calculation (where
we have set g, =0)

K"/K'-K"”/K?+2K'/K+2xK"/K -2xK"?/K*=0
which can be integrated to

K"=2xK"”/K
or

(a/ox)(K'/K)=(2x-1)K"?*/K?
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or
K'/K=1/(a-x"+x)

or
logK=—J _de—
x’—-x—a

or

K =[(x-3)-BY(x-2)+B] with 8 = (a+3)"% (20)
Since g, =0 we get from equation (20) and (6)
_(x=3+B)-[(x-H-B]__ 28
[(x-3)+BT [x+(B-DT

which is nothing other than a rational solution.
Let us now consider the case with more than one eigenfunction in the kernel
function F and K. Let us define,

(21)

2

V=818 z2=g.8, w=g8, t=gg85 (22)
from which we can deduce that,
Y \ 0 0 g~ & 1] /y
z 0 0 & 1||z
= 23
w 1 1 0 0l w (23)
Vel Llai—& ¢ 0 0]\t

Now the kernel is written as:
K=glgi+gigs (24)

In the same way as before we go on computing (Ag), (Ag), (Agq)"...etc, from these
expressions. We can eliminate the gig} and all its derivatives to obtain the relationship
between g,and g,. Theresultisextremely complicated andtoo elaboratetobereproduced
here.

Let us now demonstrate the effectiveness of our method for the matrix inverse
scattering transform (1sT) and matrix GLM equation.

Let the matrix eigenvalue problem be

(ioyd/dx+ Q¥ =AY, Qi:(;)' ((1)1> (25)
Then it is known that

103K, (x, y) +iK,(x, y)os+ Q(x)K(x, y) — K(x, y)Qo(¥) =0 (25)
along with

[o3, K(x, x)]=—1[Q(x) — Qo(x)]. (27)

Let us denote

J dy[p(x)q(y) = po(x)qo(y)]=1

X
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then it is easy to prove
= —4(Q- Qo) +1l. (28)

Let us assume that we have two sets of eigenvalues to start with i.e. corresponding to
the situation of the two-soliton solution, we set

K=iC1\I/|‘Vg-a',+i(Tzd>1d>g(Tl (29)

where ¢, and ¢, are solutions of equation (25) with different eigenvalues. Then we
have, differentiating (27),

5(d/dx)(Q— Qo) =3i(d/dx) I
=igy(A - Q)K + Ko(A ~ Q) oso, +ioy(A, — A) 03¢, da o+ b, da 030,]
now we can solve for ¢,¢¢ as
¢1¢<;r =ﬁ(%§;(0 — Qo) _i%Ix —io3(A —Q)K — Ko (A - Qg)0'301> oy (30)
also we have
i, ¥io,=K~(A =) {o3[(d/dx)(Q - Qo) —3(d/dx)]
~io3(A = Q)K ~ Koy(A = Qg)]osa}. 31

Now differentiating equation (29) with respect to x again we have, using equation (30)
and (28)

5(d*/dx*)(Q - Qo) —3i(d*/dx?)I
=(A’— Q)(K —ioyMo ) +205(A — Q)(Ko, —ic; M)
X(A—Qq)oso,+(K —ic; Mo )(A* = Q%) ay0,
+ic; Mo (A - Q) +2ic,o3( A, — Q)M(A, — Q) Yoso, +ie; M(AY — Q%) o,

which is the direct relation between the two sets of nonlinear fields Q and Q, via the
solution for K given by equation (28). So we call this the generalised sT.

In the above we have discussed a simple method of deducing the BT which utilises
only the machinery of inverse scattering equations—and nothing else—like the discrete
symmetry, of the nonlinear equation or of the i1sT equations. The derived BT has the
property of invertibility and generates solutions from the trivial one (for which we
have considered only the space part, as in the usual case). Although the form of BT

obtained is more complicated than the usual one, the straightforward method of
obtaining it makes it worth studying.
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